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Anatomy of a SP-DFT model
The full SP-DFT energy is:

E = E (0)({~uλ},←→η ) +
∑
ab

DU
ab[γRAG,sr

ab + δγel-lat,sr
ab ({~uλ})]

+
1

2

∑
ab

∑
a′b′

(
DU

abD
U
a′b′Usr

aba′b′ − D I
abD

I
a′b′ Iaba′b′

)
+ E lg({DU})

1 E (0)({~uλ},←→η ) is a force-field for the reference state

2 γRAG,sr
ab are the one-electron terms at the reference geometry

3 δγel-lat,sr
ab ({~uλ}) are the electron-lattice coupling terms

4 Usr
aba′b′ , Iaba′b′ are the two-electron terms

5 E lg({DU}) are the long-range (electrostatic) terms

All parameters are defined at the reference state

γab = 〈χa| ĥ[n0] |χb〉 Uaba′b′ = 〈χaχa′ | ĝ |χbχb′〉

g(~r ,~r ′) =
1

|~r −~r ′|
+

δ2Exc

δn(~r)δn(~r ′)

∣∣∣∣
n0

.
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g(~r ,~r ′) =
1

|~r −~r ′|
+

δ2Exc

δn(~r)δn(~r ′)

∣∣∣∣
n0

.
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Reference state
The reference state is the base to make the SP-DFT expansion

EDFT ≈ E0︸︷︷︸
lattice
n0(~r)

+ E1 + E2 + ...︸ ︷︷ ︸
electron excitations

δn0(~r)

The reference state is identified with the reference density, n0:

1 n0 is not spin-polarized (avoid bias between up/down states)

2 In the Wannier-function (WF) basis it is characterized by a
diagonal density matrix:

n0(~r) =
∑
ab

d
(0)
ab χa(~r)χb(~r) =

∑
a

o
(0)
a |χa(~r)|2 ⇐⇒ d

(0)
ab = δabo

(0)
a

3 It is continuously defined for all geometries (not just RAG)

4 n0 may be a real solution (DFT calculable) or be virtual

The key is the procedure to get WFs from first-principles
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Obtaining the basis from first-principles
The tool we employ to obtain WFs is Wannier90

Example: BaTiO3

Wannier-Bloch transformation

ψ
n~k

=
∑
a~R

c
an~k

e i
~k~Rχa(~r − ~R)

1 Select energy window

2 Select projections

3 Minimize spread

Key property to understand how the reference is defined:
A diagonal density matrix is only obtained from the transformation

of a set of Bloch states that are equally populated

o
(0)

j~k
= oJω~k ⇐⇒ d

(0)
ab = oJ δab

Selecting energy window determines real/virtual reference state
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Examples of reference states
Only valence bands

1 All bands are occupied:
d

(0)
ab = 2δab

2 GS → Dab = 0

Independent of position

3 WFs are oxygen-titanium hybrids

4 Electron-lattice terms absorb
changes with position

Valence and lower conduction bands

1 Occuppied/virtual bands included

2 Ground state ⇒ non-diagonal dab

3 WFs are atomic-like

off-diagonal dab ⇔ hybridization

4 dab changes with geometry

5 Equivalent to metals

Model construction is hugely
restricted due to Wannier90

constraints
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Pablo Garćıa-Fernández garciapa@unican.es SPDFT Workshop



Examples of reference states
Only valence bands

1 All bands are occupied:
d

(0)
ab = 2δab

2 GS → Dab = 0

Independent of position

3 WFs are oxygen-titanium hybrids

4 Electron-lattice terms absorb
changes with position

Valence and lower conduction bands

1 Occuppied/virtual bands included

2 Ground state ⇒ non-diagonal dab

3 WFs are atomic-like

off-diagonal dab ⇔ hybridization

4 dab changes with geometry

5 Equivalent to metals

Model construction is hugely
restricted due to Wannier90

constraints
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Constructing a model
Main questions building a SP model:

1 Which terms enter the model?
Symmetry-Adapted-Terms (SAT)

I FP-based
Statistical analysis FP data

I a priori
-Range criterion
-Symmetry simplification

Slater-Koster, Ligand-field (+U)

2 What value do they take?

I Direct evaluation
I Fit of FP simulations

The answer to both questions can be answered self-consistently

Problems:

1 WF from Wannier90 do not have symmetry
Proposing SATs for γ or δγel-lat,sr

ab is difficult

2 Training-set approaches may be intrinsically biased or difficult
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Separation of electron and lattice degrees of freedom

1 Calculate the lattice model for a reasonable configuration
I Non-magnetic systems Ground state
I Magnetic systems Choose insulating, high-symmetry

2 Obtain electron model
Use FP Wannier Hamiltonians
Independent from total energies or forces (lattice)

3 Obtain electron model energy for configuration used in DFT

Reference configuration in electron model may not match that for lattice model!
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What if ground state and reference do not match?
The DFT ground state energy matches that of the lattice model:

E
(ground)
DFT = Elattice

At the same time this also corresponds with the SPDFT energy:

E
(ground)
DFT ≈ E (0) + E (1) + E (2) + ...︸ ︷︷ ︸

electrons in GS

Thus, the correct E (0) takes the value:

E (0) ≈ Elattice− (E (1) + E (2) + ...)︸ ︷︷ ︸
electrons in GS

where the electron correction is only dependent on the geometry.

This is equivalent to correcting the force-field
Currently we correct the harmonic part of the lattice model

Working on the anharmonic part (or something better)!
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Real space WF Hamiltonians
The basis of SP electron calculations is the real-space Hamiltonian

hsab = γRAG,sr
ab + δγel-lat,sr

ab ({~uλ}) +
∑
a′b′

(
DU,s

a′b′Uaba′b′ + D I ,s
a′b′ Iaba′b′

)
+ γ lr

ab

Equivalent to Wannier90 Hamiltonians Lots of info!
We use a training set to filter out all parameters

1 Obtain Born-charges, etc. to obtain γlr
ab

2 Find important hsab elements→ γRAG,sr
ab

3 Find how hsab changes. Superimposed:
I Two-electron: Different electron state

Doping, magnetic state,...
I Electron-lattice: Change geometry in reference

Not always easy to separate!
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The method’s steps
In each step we apply some user-input cutoff:

1 Filter {hab} and retain only the most important terms.

|hab| > δεh

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50

-2

0

2

4

10 20 30 40 50

-2

0

2

4

10 20 30 40 50

-2

0

2

4

10 20 30 40 50

-2

0

2

4

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50
-5

0

5

10

15

10 20 30 40
-5

0

5

10

15

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50 10 20 30 40 50
-5

0

5

10

15

X M R MΓΓ

-2

0

2

4

X M L MΓΓ

X M R MΓΓ X M R MΓΓ X M R MΓΓ

X M L MΓΓ X M L MΓΓ X M L MΓΓ

15

10

5

0

δεh = 0.5 eV δεh = 0.05 eV δεh = 0.01 eV δεh = 0.001 eV
39 terms 159 terms 669 terms 2223 terms

52 terms 142 terms 926 terms 3064 terms

E
ne

rg
y 

(e
V

)
E

ne
rg

y 
(e

V
)

10 20 30 40 50
-5

0

5

10

15

-5

-5

15

10

5

0E
ne

rg
y 

(e
V

)

X M L MΓΓ X M L MΓΓ X M L MΓΓX M L MΓΓ

δεh controls the balance of quality vs computational efficiency

Pablo Garćıa-Fernández garciapa@unican.es SPDFT Workshop



The method’s steps
In each step we apply some user-input cutoff:

1 Filter {hab} and retain only the most important terms.

|hab| > δεh

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50

-2

0

2

4

10 20 30 40 50

-2

0

2

4

10 20 30 40 50

-2

0

2

4

10 20 30 40 50

-2

0

2

4

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50
-5

0

5

10

15

10 20 30 40
-5

0

5

10

15

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50
-5

0

5

10

15

10 20 30 40 50 10 20 30 40 50
-5

0

5

10

15

X M R MΓΓ

-2

0

2

4

X M L MΓΓ

X M R MΓΓ X M R MΓΓ X M R MΓΓ

X M L MΓΓ X M L MΓΓ X M L MΓΓ

15

10

5

0

δεh = 0.5 eV δεh = 0.05 eV δεh = 0.01 eV δεh = 0.001 eV
39 terms 159 terms 669 terms 2223 terms

52 terms 142 terms 926 terms 3064 terms

E
ne

rg
y 

(e
V

)
E

ne
rg

y 
(e

V
)

10 20 30 40 50
-5

0

5

10

15

-5

-5

15

10

5

0E
ne

rg
y 

(e
V

)

X M L MΓΓ X M L MΓΓ X M L MΓΓX M L MΓΓ

δεh controls the balance of quality vs computational efficiency
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The method’s steps

In each step we apply some user-input cutoff:

1 Filter {hab} and retain only the most important terms.

|hab| > δεh

2 Find the most important U and I constants looking for
changes across {hab} and D

U ⇒ number of electrons:

|D↑a′b′ + D↓a′b′ | > δD

I ⇒ spin polarization:

|D↑a′b′ − D↓a′b′ | > δD
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Pablo Garćıa-Fernández garciapa@unican.es SPDFT Workshop



The method’s steps

In each step we apply some user-input cutoff:

1 Filter {hab} and retain only the most important terms.

|hab| > δεh

2 Find the most important U and I constants looking for
changes across {hab} and D

U ⇒ number of electrons:

|D↑a′b′ + D↓a′b′ | > δD

∣∣∣∣∣h↑ab(i) + h↓ab(i)

2
−

h̄↑ab + h̄↓ab

2

∣∣∣∣∣︸ ︷︷ ︸∣∣∣∑a′b′
(
D↓

a′b′+D↑
a′b′

)
Uaba′b′

∣∣∣
> δεee

I ⇒ spin polarization:

|D↑a′b′ − D↓a′b′ | > δD

∣∣∣∣∣h↑ab(i)− h↓ab(i)

2

∣∣∣∣∣︸ ︷︷ ︸∣∣∣∑a′b′
(
D↓

a′b′−D
↑
a′b′

)
Iaba′b′

∣∣∣
> δεee
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Two-electron terms

Involve screened electron-electron interactions:

Xaba′b′ =

∫
d3rχa(~r)χb(~r)

∫
d3r ′χa′(~r

′)χb′(~r
′)gX (~r ,~r ′) X = U, I

with the operators,

gU,I (~r ,~r
′) =

1

2

[
± δ2Exc

δn(~r , ↑)δn(~r ′, ↑)

∣∣∣∣
n0

+
δ2Exc

δn(~r , ↑)δn(~r ′, ↓)

∣∣∣∣
n0

]

They follow a strict hierarchy:

TERM ORIGIN SYMMETRY POSITION hab

Xaaaa = 〈χaχa| ĝX |χaχa〉 self-interaction always diagonal
Xaaa′a′ = 〈χaχa′ | ĝX |χaχa′〉 charge-charge always diagonal
Xaaa′b′ = 〈χaχa′ | ĝX |χaχb′〉 charge-dipole γab on/off-diagonal
Xaba′b′ = 〈χaχa′ | ĝX |χbχb′〉 dipole-dipole depends off-diagonal

In general it is easy to propose two-electron terms to build a model

We can use ligand-field (+U) to reduce amount of degrees of freedom
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Electron-lattice
Electron-lattice terms are extremely sensitive to symmetry:

γsr
ab = γ0

ab +
∑
λυ

−
[
~fab,λυ · δ~rλυ + δ~rλυ ·

↔
g ab,λυ · δ~rλυ + ...

]
Calculation→ observe change in Wannnier90 hab with geometry

~fab,λυ = −〈χa| ~∇~uλ−~uυh |χb〉

Orbital shape strongly influences
forces

Lack symmetry in Wannier90 hinders making electron-lattice SATs

We are limited to a priori
Jahn-Teller models/Slater-Koster

variations
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Example: NiO

The first complex example for electronic structure:

Simple training set:
2 magnetic states of 2 atom cell
(FM/AFM2)

Difficulty
In-atom coupling not enough
Add Ni(eg )-O(2p) 2-electron
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(a) δεh=0.05 eV, δεee=0.05 eV, eV δD=0.10  

(b) δεh=0.05 eV, δεee=0.30 eV, eV δD=0.10  

Ferromagnetic Antiferromagnetic

Ferromagnetic Antiferromagnetic

Method J1 (meV) J2 (meV)

neutron 1.4 -19.0
LDA+U 2.6 -17.5

SP-Ni(eg ) -0.2 -19.1
SP-Ni(3d) -0.0 -19.1

SP-Ni(3d) + O(2p) 3.3 -17.6
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Model building tool: Modelmaker
Philosophy to run it: Running modes
Modelmaker is a python script run from where the input is:

$ python ../../utils/modelmaker.py mode > output

where mode is an integer meaning:

1 Plot and compare the exact FP bands with those generated from
the FP Wanniers and a δεh given in input.mmaker

2 Calculate the Wanniers occupations for the electron configurations

3 Find the γab and Uab,a′b′/Iab,a′b′ parameters given δεh, δεee , δD

4 Fit the γab and Uab,a′b′/Iab,a′b′ contained in the files
gamma list.dat and u list.dat generated in 3.

5 Plot the model generated before (not in use)

6 Find the electron-lattice parameters ~f , (g) given δfe-l

7 Fit the vibronic parameters

8 Write the model to the Scale-Up format in the file given by
mmfilename name of file
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The file structure
Running modelmake requires the following:

1 input file Contains the control parameters (mode, cutoffs)

2 systemref folder Helps build reference state. High symmetry!
I Geometry The reference geometry of the system with mass

and reference charges of atoms
I K-path Path to plot bands for the ground state of the system
I Bands The FP energy of the bands along that path
I WF Hamiltonian The Wannier90 result for this state
I Dielectric tensor The tensor for this configuration
I Wann A file defining the occupations of the reference state
I Info Scale-Up keywords to converge this state

3 systemref folder Defines (partially) the reference state. Should
be high symmetry

I Geometry The geometry of the system for this configuration
I K-path Path to plot bands for the ground state of the system
I Bands The FP energy of the bands along that path
I WF Hamiltonian The Wannier90 result for this state
I Info Scale-Up keywords to converge this state
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Summary

I Building SPDFT models is difficult and contains many pitfalls

1 Main problem is deciding the necessary terms that should go in
the model

2 That requires much knowledge on the system and many FP
calculations for a good training set

I The definition of the reference state depends on the
construction of the WF

Automatized tools linked to ab initio codes could significantly
improve the procedure
This is an area where active development is taking place
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